ABSTRACT. Let X and Y be proper birational varieties, say with only rational double points over a perfect field k of positive characteristic. If X lifts to Wn(k), is it true that Y has the same lifting property? This is true for smooth surfaces, but we show by example that this is false for smooth varieties in higher dimension, and for surfaces with canonical singularities. We also answer a stacky analogue of this question: given a canonical surface X with minimal resolution Y and stacky resolution X , we characterize when liftability of Y is equivalent to that of X .
INTRODUCTION
In 1961, Serre gave a surprising example of a smooth projective variety over a field of positive characteristic which admits no lifting to characteristic 0 [Ser61] . The question of whether a variety admits such a lift is oftentimes subtle, and is intimately tied to pathological behavior in positive characteristic. In this paper, we explore the extent to which liftability is a birational invariant. Since many classification results and constructions in classical algebraic geometry yield singular varieties, and lifting is often easier to establish for these singular models (see, for example [Lie13] ), we will study varieties with mild singularities. Question 1. Let X and Y be proper birational varieties of dimension d, say, with at worst rational double points over a perfect field k of positive characteristic. If Y lifts to W n (k), is it true that X also lifts to W n (k)?
Note that this question has two main features: first, we put a bound on the singularities of X and Y ; second, we ask for unramified lifts, namely lifts to W n (k) as opposed to extensions of W n (k). A bound on the singularities is certainly needed to make Question 1 meaningful. Indeed, every d-dimensional projective variety X is birational, via generic projection, to a hypersurface in P d+1 . This hypersurface may have bad singularities (for example, non-normal), but it always lifts to W (k). On the other hand, X may fail to lift.
Second, recall that there is an important distinction between unramified and ramified lifts of a variety. As is well-known, many fundamental theorems in characteristic 0 fail to hold in positive characteristic: global differential forms need not be closed [Mu61a] and Kodaira vanishing may fail to hold [Ray78] . However, if X admits a lift to W 2 (k), by a result of Deligne and Illusie [DI87] , these pathologies disappear. As examples of Lang show [La95] , even if a variety admits a lift to a ramified extension of W (k) with the smallest possible ramification index, namely 2, this is not enough to ensure that global differential forms be closed. Hence, we restrict attention in Question 1 to the case of unramified lifts.
Question 1 is known to have a positive answer for smooth surfaces. In contrast, we prove the following result for higher dimensional varieties. (b) smooth blow-ups of P d k that do not lift formally to any ramified extension of W (k). Our specific counter-examples in dimensions 3 and 4 are given in Theorem 2.4. In Theorem 2.6 we give further examples of 3-folds with ordinary double points that lift to W (k), but where small resolutions of singularities do not even lift to W 2 (k).
We next turn to the case of surfaces with singularities (see Theorem 3.4 for the counter-examples). Lastly, we explore a variant on Question 1 which constitutes the most subtle part of the paper. If X is a surface with canonical singularities, classically one studies the minimal resolution of singularities f : Y → X.
Under a further mild assumption on the singularities of X, [Sa12] shows that there is a smooth stack X with coarse space X whose stacky structure lies over the singular points of X. That is, we have a stacky resolution π : X → X.
The interplay between the birational geometry of Y and X in characteristic 0 has been the source of many interesting questions, for example, the McKay correspondence [BKR01, CT08] . Here we ask another question concerning the birational geometry of Y and X , namely the stacky version of Question 1: is liftability of X equivalent to that of Y ? Since Question 1 has an affirmative answer for smooth surfaces, one might expect that liftability of the smooth stacky surfaces X and Y is equivalent. We show that this is the case precisely when X does not have wild A n -singularities, that is, A n -singularities with p dividing n + 1. The main input for Theorem 1.3 is a study of the relationship between the deformation functor of an isolated canonical singularity and the deformation functor of its minimal resolution. This analysis, which we carry out in §4, extends results of Burns and Wahl [BW74] to positive characteristic, and supplements the work of Wahl [Wa75] . We show that for canonical singularities that are linearly reductive quotient singularities but not wild A n -singularities, many results from [BW74] still hold true in positive characteristic. On the other hand, we show in Remark 4.8 that Tjurina's vanishing result [Tj68] fails for every canonical singularity in every positive characteristic.
We conclude the introduction by mentioning that our above results also answer the following variant on Question 1. Question 2. Let X and Y be proper birational varieties with at worst rational double points over a perfect field k of positive characteristic. If Y lifts to W (k), does X lifts to an extension of W (k)?
Although Theorem 1.2 shows that Question 1 has a negative answer for surfaces, Artin's result [Ar74, Theorem 3] show that Question 2 has a positive answer for surfaces. In contrast, the examples we produce in Theorems 1.1(b) and 2.6 show that Question 2 has a negative answer in higher dimension.
Organization. In Section 2 we start with a couple of general lifting results and then construct counter-examples to Question 1 in dimension ≥ 3, thereby establishing Theorem 1.1. In Section 3 we turn to surfaces and establish the results sketched in Theorem 1.2. We begin Section 4 by recalling the definition of linearly reductive quotient singularities, and giving a complete description of which canonical singularities are of this form. We then study the deformation functors of these singularities and obtain counter-examples to Tjurina vanishing. Finally, in Section 5, we compare minimal with stacky resolutions of canonical and linearly reductive quotient singularities of surfaces, which leads to a proof of Theorem 1.3.
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NOTATION AND CONVENTIONS
Unless otherwise mentioned, all algebraic stacks are assumed to be locally of finite presentation with finite diagonal, so that by Keel-Mori [KM97] , they have coarse spaces.
For a scheme X over k, we let
COUNTER-EXAMPLES IN HIGHER DIMENSION
In this section, we first recall in §2.1 some general results concerning liftings and blow-downs, mostly following directly from [BW74] . Then, in §2.2, we give examples of smooth, projective and birational varieties of dimension at least 3 with different lifting behaviors. More precisely, we prove Theorems 2.3, 2.4, and 2.6 which give refined versions of Theorem 1.1. To prove (2), let X ′ be a lift of X to Spf A. Since X ′ is smooth over Spf A and k is perfect, there exists a local andétale A-algebra B together with a morphism σ : Spf B → X ′ that specializes to the closed point of the blow-up f , see [BLR90, Proposition 2.2.14]. Then, the blow-up of X ′ in σ(Spf B) is a formal lift of Y to A.
Lastly, we prove (3). Let E be the exceptional divisor of f , and let Y ′ be a formal lift of Y to A. The normal bundle N E/Y restricts to O(−1) on every fiber of the projective bundle g : E → Z, and then, the Grothendieck-Leray spectral sequence of g implies H 1 (N E/Y ) = 0, see, for example, [Se06, Examples 3.14.13(iv)]. Since E and Y are smooth, the obstruction to deforming E ⊂ Y is contained in H 1 (N E/Y ), and we conclude that E lifts to a closed subscheme E ′ ⊂ Y ′ . By Proposition 2.1, we obtain a formal lift X ′ of X and a lift of Z to a closed subscheme of X ′ . 
Next, let S 2 be a smooth projective surface over k that does not lift projectively to any ramified extension of W (k). For example, we could choose S 2 to be a characteristic p counter-example to the Bogomolov-Miyaoka-Yau inequality from [BHH87, 3.5J] or [Ea08] : then, since K 2 and χ(O) are invariant under flat deformations, a hypothetical projective lift of S 2 to a possibly ramified extension of W (k) would contradict the Bogomolov-Miyaoka-Yau inequality in characteristic zero. As before, we choose embeddings
Since Y 2 is a smooth and rational variety, we have (1) a smooth ruled d-dimensional variety X over k that lifts projectively to W (k), and
Proof. By [Ray78, §2], there exists a projective smooth curve C of genus at least 2 over k, a locally free sheaf E of rank 2 on C, and a closed subscheme D of the surface P(E) satisfying the following: D is a smooth curve, and the composite
→ E onto the first summand induces an embedding of P(E) into X over C. We let f : Y → X be the blow-up along D.
We first show that X lifts projectively to W (k). Since C is a projective smooth curve, it lifts projectively to some C over W (k). We have H 2 (C, End(E)) = 0 for dimensional reasons, and thus, E lifts to some E on C, see [Ill05, Theorem 8.5 .3]. In particular, P( E) → C defines a projective lift of X to W (k).
Next, we show that Y does not lift to W 2 (k). If it lifts, then by Proposition 2.2(3), we obtain a lift Finally, we show that there exist 3-folds with ordinary double points that lift to W (k), but where small resolutions of singularities do not even lift to W 2 (k). We recall that the ordinary 3-dimensional double point is defined to be
In every characteristic, this singularity is normal, Gorenstein, and blowing up the singular point we obtain a resolution with exceptional locus P 1 × P 1 . Contracting one of the two factors of P 1 × P 1 , we obtain a small resolution with exceptional locus P 1 and normal bundle O P 1 (−1)⊕O P 1 (−1), see [CSt09, §4] . By definition, the induced birational rational map between these two small resolutions is the Atiyah flop. (1) X lifts projectively to W (k), Proof. Our examples arise as fiber products of rational elliptic surfaces and their desingularizations. Rational elliptic surfaces that are semi-stable as elliptic fibrations over P 1 with precisely 4 singular fibers were classified in [Be82] , and we refer to [Sch09, §4] for a characteristic-free classification.
As shown in [CSt09, §6.2], we may find for all p as in the statement of the theorem two rational elliptic surfaces S i → P 1 , i = 1, 2 over W (k), char(k) = p, whose elliptic fibrations are semistable, and whose 4 singular fibers lie over {0, 1, λ, ∞} and {0, 1, µ, ∞}, respectively. It is further shown that there are examples where the fibers over λ and µ are of type I 1 , that λ = µ, and that λ ≡ µ mod p. Moreover, using the explicit equations of [Sch09, Table 1 ], we may assume λ ≡ µ mod p 2 . The fiber product X := S 1 × P 1 S 2 is projective of relative dimension 3 over W (k). As explained in [CSt09, §6.2], the singularities of the generic fiber X η are ordinary double points lying over {0, 1, ∞} ⊂ P 1 , whereas the special fiber X := X k has an extra double point lying over λ mod p, which, by assumption, is also equal to µ mod p. By blowing up the reduced singular locus of X, we obtain a projective resolution of singularities Z → X. Since H 3 et (Z, Q ℓ ) = 0 for every prime ℓ = p by [Sch09, Cororollary 3.2], it follows from [Sch09, Proposition 11.1] that Z does not admit a lift even to a ramified extension of W (k).
, there exists a small resolution X → X of the 3 double points lying over {0, 1, ∞} in the category of algebraic spaces. The reduction X of X modulo p has precisely one double point and thus, is a partial resolution of singularities of X. Let Y → X be a small resolution of the remaining double point, still in the category of algebraic spaces. 
On the other hand, the elliptic fibration S 1 → P 1 , is given formally locally over {λ} ∈ P 1 by
and similarly for S 2 → P 1 over {µ}. Thus, their fiber product X → P 1 is locally formally over {λ} given by
After eliminating t, we see that the ordinary double point of X deforms in this particular lift to
By rigidity of X, the lift X ′ is isomorphic to X ⊗ W (k) W 2 (k). Since λ ≡ µ mod p and λ ≡ µ mod p 2 , we see that the induced lift of the double point of X to W 2 (k) is analytically equivalent to 
ON THE BIRATIONAL NATURE OF LIFTING FOR SURFACES
In this section, we show that smooth and birational surfaces have the same lifting behavior, as announced in Theorem 1.2. We begin with Propositions 3.1 and 3.2, which give the well-known positive results of the theorem.
Lastly, we construct the counter-examples of Theorem 1.2. In fact, every sufficiently general purely inseparable cover of degree p of P 2 gives an example, and we thank Torsten Ekedahl for pointing this out to us. (1) a surface X with canonical singularities that lifts projectively to W (k), whereas (2) no smooth model of X lifts to W 2 (k).
Proof. Let n ≥ 1 be an integer and let s be a generic section of
, we obtain a lift of the whole cover f : X → P 2 k to W (k). In particular, X admits a projective lift to W (k).
Next, let X → X be a resolution of singularities. By [Ek86, Chapter VI.xiv], we have
Since we assumed p ≥ 7, there will be non-zero 1-forms on X if n is sufficiently large. 
CANONICAL SURFACE SINGULARITIES
In this section we study the relationship between the deformation functor of an isolated canonical surface singularity and the deformation functor of its minimal resolution. This generalizes many of the results of Burns-Wahl [BW74, §1-2] to positive characteristic, and supplements the analysis of Wahl [Wa75] .
In §4.1, we introduce the definition of linearly reductive quotient singularities and give a complete characterization of canonical surface singularities that are of this form. In §4.2 we turn to the study of deformation functors.
4.1. Linearly reductive quotient singularities. Over the complex numbers and in dimension 2, rational double points are also known as canonical singularities, Du Val singularities, ADE singularities, or Kleinian singularities, and they coincide with the class of rational Gorenstein singularities. Moreover, these singularities are precisely those which are analytically quotients by finite subgroups of SL 2 (C), and we refer to [Dur79] for an overview.
In positive characteristic, it is no longer true that every canonical surface singularity is a quotient of a smooth surface by a finite group, see Remark 4.4 below. However, we show in Proposition 4.2 that most canonical surface singularities are examples of the following type of singularity: Definition 4.1. A scheme over a field k has linearly reductive quotient singularities (resp. tame quotient singularities) if it isétale locally isomorphic to the quotient of a smooth k-scheme by a finite linearly reductive group scheme (resp. finiteétale group scheme of order prime to the characteristic of k).
Note that tame quotient singularities are examples of linearly reductive quotient singularities. Although these two classes of singularities differ in positive characteristic, they agree in characteristic 0 since finite linearly reductive group schemes in characteristic 0 are all locally constant.
We recall from [Ar62, Theorem 2.7] that in any characteristic, the dual resolution graph for the minimal resolution of a canonical surface singularity over an algebraically closed field is a Dynkin diagram of type A, D, or E. 
In particular, if p ≥ 7 every canonical surface singularity over k is a linearly reductive quotient singularity.
Caution 4.3. In Artin's terminology from [Ar77, §2] , tame means that the local fundamental group is of order prime-to-p. In particular, a canonical singularity that is a tame quotient singularity, is also tame in Artin's sense but the converse is not true. For example, an A n−1 -singularity is always tame in the sense of Artin, but it is a tame quotient singularity if and only if p does not divide n.
Proof. By Artin's approximation results [Ar69, Theorem (3.10)], it suffices to show that a canonical surface singularity is analytically isomorphic to the quotient of A 2 k by a finite linearly reductive group scheme, or a finite flat group scheme of order prime to p, respectively.
We begin with our assertions on A n−1 -singularities. Such singularities are analytically isomor-
. We can realize this as the complete local ring at the singular point of the quotient A 2 k /µ n , where the action
Alternatively, the action can be described as follows: for any k-scheme T , the action of ζ ∈ µ n (T ) is given on T -valued points by sending f (x, y) ∈ A 2 T (T ) to f (ζx, ζ −1 y). This proves our assertion for A n−1 -singularities, as the group scheme µ n is linearly reductive for all p and it is of order prime to p precisely when p does not divide n.
We now turn to D n+2 -singularities. For n ≥ 2 and p ≥ 3, we consider the closed subscheme BD n of SL 2 defined by the surjection
The Hopf algebra structure on k[SL 2 ] induces a Hopf algebra structure on BD n . Moreover, we have a short exact sequence
where the inclusion of µ 2n into BD n is defined by
Nagata's theorem [Na61, Theorem 2] therefore shows that BD n is linearly reductive. If p does not divide n, then BD n is the constant group scheme associated to the binary dihedral group of order 4n, and corresponds to the subgroup of SL 2 generated by the matrices ζ 0 0 ζ −1 and 0 1 −1 0 where ζ is a primitive 2n.th root of unity. The standard action of SL 2 on k[x, y] induces an action of BD n , and a straightforward computation of invariants reveals
Thus, A 2 k /BD n is analytically isomorphic to the singularity of type D n+2 in every characteristic p ≥ 3, and our assertions on D n+2 -singularities follow.
Finally, the claims for E 6 , E 7 and E 8 follow from the classification and the local fundamental groups of these singularities in [Ar77, §5].
Remark 4.4. By a result of Mumford [Mu61b] , a two-dimensional, normal, complex analytic germ is smooth if and only if its local fundamental group is trivial. This is wrong in positive characteristic, but a version using the local Nori fundamental group scheme was given in [EV10, Section 4]. In any case, for a linearly reductive quotient singularity in characteristic p, the local Nori fundamental group scheme is linearly reductive, which implies that its localétale fundamental group cannot have subquotients of order p. In particular, by what we have just noted, such singularities cannot be linearly reductive quotient singularities. Incidentally, the same list of (Γ, p) not in the table of Proposition 4.2 gives precisely those canonical surface singularities that are not taut, that is, their analytic isomorphism type is not determined by the dual resolution graph of the minimal resolution, see [Ar77, §3] . It would be interesting to know whether there is a deeper reason for this coincidence.
Let us also note that in characteristic p, quotients by α p or Z/pZ, both of which are not linearly reductive, may give rise to non-rational singularities, see [Lie08, Proposition 3.2] or [Lor] . 4.2. Deformation theory. Let X be an affine surface over an algebraically closed field k with an isolated singularity. Let f : Y → X be the minimal resolution of this singularity, and E the reduced exceptional divisor.
We start with a result that is implicit in the explicit lists of [Ar77, §3] . Although we will not need it in the sequel, we include it for completeness of our results and further reference: Proposition 4.5 (Artin +ε). Let X have a canonical singularity that is a linearly reductive quotient singularity. Let n be the number of (−2)-curves of E and
(1) if X has a tame quotient singularity, then d = n, (2) if X has a D n -singularity and p ≥ 3, then d = n, and (3) if X has a wild A-singularity, then d = n + 1. In particular, we find d ≥ n in all cases.
Proof. For any scheme Z of the form Spec k[x, y, z]/(g(x, y, z)), Ext 1 (L Z/k , O X ) can be identified with k[x, y, z]/(g, ∂ x g, ∂ y g, ∂ z g), see for example the discussion in [CSt09, §4] . Each of the cases (1)-(3) are of this form; using the explicit equations g obtained in [Ar77, §3] , the result follows from straightforward computations.
For example, a singularity of type A n is given in every characteristic by g = z n+1 −xy by [Ar77, (2.3)]. Moreover, E consists of n curves, all of which are (−2)-curves. We compute ∂ x g = −y, ∂ y g = −x, ∂ z g = (n + 1)z n and find
This is a k-vector space of dimension d = n if p does not divide n + 1, that is, if the singularity is tame. In case, p divides n + 1, the singularity is wild and then, this vector space is of dimension d = n + 1. We leave the remaining cases to the reader.
The following proposition generalizes [BW74, Proposition (1.10)] to positive characteristic. The classical proof over the complex numbers relies on the equivariance of these singularities, as well as a vanishing result of Tjurina [Tj68] . Equivariance does not hold for wild A-singularities, and we see in Remark 4.8 that Tjurina vanishing fails for every canonical singularity in every positive characteristic.
Proposition 4.6 (Wahl +ε). Suppose X has a canonical singularity that is a linearly reductive quotient singularity. If n denotes the number of (−2)-curves of E, then For the other cohomology group, we consider the short exact sequence
Since
By local duality, we have 
where the second isomorphism follows from ω Y ∼ = O Y and a local computation (see, for example
Remark 4.7. Quotients of smooth surfaces by µ n , which is linearly reductive, give rise to toric singularities, of which A n -singularities are a special case. For such singularities, Lee and Nakayama [LN13, Proposition 2.11] established the crucial vanishing result H 1 (Y, Θ Y (− log E)) = 0 using toric geometry. From this, one can deduce an analogue of Proposition 4.6 for µ n -quotient singularities.
Remark 4.8 (Failure of Tjurina vanishing)
. Suppose X has a canonical singularity or a rational triple point. In characteristic zero, Tjurina [Tj68] proved that H 1 (D, Θ D ) = 0 for every effective divisor D supported on E. This vanishing result can be used to prove that these singularities are taut, see [Tj68] and the discussion at the beginning of [La73, §2] . It is also used in the proof of [BW74, Proposition (1.10)], which we generalize to positive characteristic in Proposition 4.9 below.
Let D be an effective divisor supported on E and let I D ⊂ O Y be its ideal sheaf. For every n ≥ 1, the ideal sheaf of nD is I n D , and we consider the conormal sequence
For local sections x of I n D , the map δ is given by δ(x) = dx. In particular, if p divides n, then δ is identically zero, and after taking duals, we obtain an isomorphism
Replacing D by a sufficiently large multiple, we may assume that H 1 (Y, Θ Y (−mD)) = 0 for all m ≥ 1. Taking cohomology in the short exact sequence
and using Proposition 4.6, we conclude that H 1 (nD, Θ nD ) = 0 whenever p|n.
In particular, Tjurina vanishing fails for every canonical singularity in every positive characteristic p ≥ 7.
The importance of the cohomology groups H 1 (Y, Θ Y ) and H 1 E (Y, Θ Y ) considered in Proposition 4.6 is the following. The semiuniversal deformation space Def X of the singularity X has Zariski tangent space Ext 1 (L X/k , O X ). Similarly, the Zariski tangent space of Def Y is equal to H 1 (Y, Θ Y ). By Proposition 2.1, we have a morphism
on Zariski tangent spaces. Over the complex numbers, β is zero [BW74, Proposition (1.10)]; that is, a first order deformation of Y induces a locally trivial first-order deformation of X. Moreover, ker β can be identified with the local cohomology group 
with β as above. Furthermore, (1) if X is a wild A-singularity, then α is not injective and β is non-zero, (2) in all other cases, α is an isomorphism and β is zero.
Proof. We have two exact sequences
where the first row is the long exact sequence of local cohomology, and the second row is the exact sequence of [Sch71, Lemma 2]. As explained in [BW74, (1.15)], the image of γ lies in Ext 1 (L X , O X ), and so γ can be identified with the tangent map β to the Burns-Wahl blow-down. If the singularity is not of type A n−1 with p|n, then X is equivariant, see [Wa75, Theorem (5.17) ]. For such singularities, the map α is injective by [BW74, Corollary ( 
by Proposition 4.6, we find that α is an isomorphism and β is zero.
On the hand, if X is an A n−1 -singularity with p|n, that is, a wild A-singularity, then the torsion sheaf T in the short exact sequence
is non-trivial, and the inclusion 
is not surjective, which implies that α is not injective. Using Proposition 4.6, we see that β is non-zero for dimension reasons. 
COMPARING THE MINIMAL RESOLUTION AND THE STACKY RESOLUTION
In this section, we prove Theorem 1.3. In §5.1, we discuss stacky resolutions of linearly reductive quotient singularities and relate lifts of the stack to lifts of its coarse space. In §5.2, we prove (1) and (2) of Theorem 1.3, and in §5.3, we prove (3).
Stacky resolutions.
It is a well-known result that if X is a scheme with tame quotient singularities over a field, then there is a canonical way to endow X with stacky structure in a such way that it becomes smooth. More precisely, there is a canonical smooth tame Deligne-Mumford stack X with coarse space X such that the coarse space map X → X is an isomorphism over X sm (see [Vis89, 2.9] ).
As shown in Proposition 4.2, most canonical surface singularities are linearly reductive quotient singularities. We are therefore interested in a generalization of the above result for linearly reductive quotient singularities. In this generalization, the role of tame Deligne-Mumford stacks is replaced by the following class of Artin stacks introduced in [AOV08, Definition 3.1] (recall our hypotheses from the notation section).
Definition 5.1. An Artin stack X over a base scheme S is called tame if the pushforward functor from the category of quasi-coherent sheaves on X to the category of quasi-coherent sheaves on its coarse space is exact.
We then have the following generalization of [Vis89, 2.9]. 
We refer to the above coarse space map π : X → X as the stacky resolution of X. It is characterized by a universal property (see [Sa12, Lemma 5.5]), and so we speak of "the" stacky resolution.
Lemma 5.3. Let A be a complete Noetherian local ring with residue field k. Let G be a smooth affine linearly reductive group scheme over k which acts on a smooth affine k-scheme U , and let
for n > 0, and so X has a lift to A.
Proof.
This shows that h is smooth and representable. Hence, L X /BG is a locally free sheaf. From the exact triangle
and the fact that
Since g is smooth and representable, L k/BG is isomorphic in the derived category to a locally free sheaf concentrated in degree 0, and so L BG/k is a locally free sheaf concentrated in degree 1. Using the exact triangle
Since U is affine, h is as well. Since G is linearly reductive, BG is cohomologically affine over k, and so composing with h, we see that X is cohomologically affine over k, see Definition 3.1 and Proposition 3.9(i) of [Al09] . Therefore, for n > 0, we have
as desired. Proof. Since the diagonal of X ′ is a deformation of the diagonal of X , it is finite, and so X ′ has a coarse space X ′ by [KM97] . Since X ′ is flat over A, [AOV08, Corollary 3.3(b)] shows that X ′ is as well. Lastly, [AOV08, Corollary 3.3(a)] shows that X = X ′ × A k, and so X ′ is a lift of X.
Positive results.
Throughout this subsection, we fix a complete Noetherian local ring A with maximal ideal m and perfect residue field k. We fix a surface X over k, and let
be its minimal resolution of singularities. We assume that X has canonical singularities that are linearly reductive quotient singularities (see Proposition 4.2 and Remark 4.4 for a complete list of canonical surface singularities with this property). Lastly, we let π : X → X, be the stacky resolution of Theorem 5.2. We now prove Theorem 1.3(1).
Theorem 5.5. If X lifts formally to A, then Y does as well.
Proof. Let X ′ be a lift of X and let X ′ be its coarse space. By Proposition 5.4, X ′ is a lift of X. We show that the morphism f : Y → X lifts over X ′ . Since Y is the blow-up of X along a closed scheme Z, it is enough to lift Z to a closed subscheme Z ′ ⊂ X ′ with Z ′ flat over A. Indeed, the blow-up of X ′ along Z ′ is then flat over A and reduces to Y over k. Note that Z is supported on the singular locus X sing of X. Note that X sing is a disjoint union of points, as X is normal. Hence,
For anyétale neighborhood Z x of Z about x ∈ X sing , the obstruction to lifting Z maps to the obstruction to lifting
It therefore suffices to lookétale locally about each singularity. By [Sa12, Proposition 5.2], we can therefore assume that X = [U/G] with U smooth affine and G a smooth affine linearly reductive group scheme over k. By Lemma 5.3, there is a lift X ′ of X to A.
Let Z ⊂ X be the pullback of Z ⊂ X. It suffices to show that Z lifts to a closed substack Z ′ of X ′ . Indeed, Lemma 4.14 and Theorem 4.16(ix) of [Al09] show that Z ′ has a good moduli space Z ′ which is flat over A with Z ′ ⊂ X ′ a closed subscheme. Proposition 4.7 and Theorem 6.6 of [Al09] then show that Z ′ is a lift of Z.
Let Z ⊂ U be the pullback of Z ⊂ X. Since Z = [ Z/G] and G is linearly reductive, the natural map We now turn to Theorem 1.3(2).
Theorem 5.6. If X has no wild A n -singularities and Y lifts formally to A, then X lifts to A/m 2 .
Proof. Let Y ′ be a lift of Y to A/m 2 , and let X ′ be the deformation induced by Y ′ , as in Proposition 2.1. We show that X lifts over X ′ . Since Ext n (L X /X , O X ) is coherent for all n, it follows from Definition 5.1 that Rπ * RHom(L X /X , O X ) = π * RHom(L X /X , O X ).
As π is an isomorphism over X sm , we see that π * Ext n (L X /X , O X ) is supported on the singular locus of X, which is a disjoint union of points. As a result,
Hence, the obstruction to lifting X over X ′ is a global section of the sheaf Ext 2 (L X /X , O X ). To show X lifts over X ′ , it therefore suffices to lookétale locally on X. By [Sa12, Proposition 5.2], we can assume X = [U/G] with U affine and G a smooth affine linearly reductive group scheme over k. Let X ′ be a lift of X over A, which exists by Lemma 5.3. By Proposition 5.4, the coarse space X ′′ of X ′ is a lift of X to A. Hence, it suffices to show X ′ is isomorphic to X ′′ . By the proof of Theorem 5.5, there is a lift Y ′′ of Y whose induced deformation of X is X ′′ . The map β :
Since β = 0 by Proposition 4.9, we see X ′ is isomorphic to X ′′ , as desired. (1) a K3 surface X with (wild) A 1 -singularities that lifts projectively to W (k) such that (2) every smooth model of X lifts formally to W (k), whereas (3) the stacky resolution X does not lift to W 2 (k).
Proof. Let X → P 2 k be the purely inseparable double cover defined by z 2 − f (x 0 , x 1 , x 2 ), where f is a generic homogeneous polynomial f of degree 6. Then X is a surface with 21 canonical singularities of type A 1 , see [Lie13, Theorem 3.4] . Lifting the double cover over W (k), we conclude that X lifts projectively to W (k). The minimal resolution Y of X is a K3 surface. Suppose that X lifts to W 2 (k). Let X ′ and Y ′ be the lifts of X and Y obtained as in the proof of Theorem 5.5. With notation as in the proof, Z is the disjoint union of the 21 singular points of X and Z ′ ⊂ X ′ is a closed subscheme which is flat over W 2 (k). Since Y ′ is the blow-up of X ′ along Z ′ , we see that all 21 exceptional divisors E i of Y extend to relatively flat Cartier divisors E ′ i of Y ′ . Since intersection numbers are constant in flat families and for each i we have E 2 i = −2, we see (E ′ i ) 2 = −2 as well. We consider the following commutative diagram, whose downward arrows are restriction maps:
